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Theories of gravity extending or modifying general relativity typically allow for black hole so-
lutions different from the Schwarzschild/Kerr geometries. Electromagnetic observations have been
used to place constraints on parametrized deviations from the Schwarzschild/Kerr metrics, in an
effort to gain insight on the underlying gravitational theory. In this work, we show that observations
of the gravitational quasi-normal modes by existing and future interferometers can be used to bound
the same parametrized black hole metrics that are constrained by electromagnetic observations. We
argue that our technique is most sensitive to changes in the background black hole metric near the
circular photon orbit, and that it is robust against the changes that a gravitational theory differing
from general relativity necessarily introduces in the equations for the gravitational perturbations.
We demonstrate our approach by reconstructing the background metric from a set of simulated ob-
servations using a Bayesian approach. We also comment on possible synergies between gravitational
wave observations of quasi-normal modes and the operations of the Event Horizon Telescope.
I. INTRODUCTION
The increasingly precise observations of the gravita-
tional wave signals emitted by merging compact objects
provide unprecedented opportunities to test general rel-
ativity (GR) and the nature of black holes and neutron
stars [1–9]. Among the predictions of GR (and also other
gravitational theories) is the existence of quasi-normal
modes (QNMs), which describe the characteristic space-
time oscillations of perturbed compact objects. These
(damped) oscillations can be observed after the violent
merger of two compact objects. In this phase, the so-
called ringdown, the final remnant forming from the coa-
lescence settles into an equilibrium stationary configura-
tion by radiating in QNMs. If the final object is a black
hole, the no-hair theorem of GR [10, 11] states that it
must be described by the Kerr geometry [12], which is
fully characterized by the mass M and spin J , with the
latter satisfying the “Kerr bound” |J | ≤M2 (in the units
G = c = 1 that we utilize throughout this paper) to avoid
the presence of naked singularities.
While the no-hair theorem holds in GR, gravitational
theories modifying and/or extending it generally yield
different black hole spacetimes [13], and also different
equations for the gravitational perturbations over the
background geometry [13, 14]. One way to test GR is
therefore to verify that the observed QNMs from the
remnant of a binary black hole merger match those of a
Kerr black hole. This is commonly referred to as “black
hole spectroscopy” [15], and may become feasible with
future ground or space-based gravitational wave detec-
tors [16, 17], or even with current data [2, 18–21].
From a practical point of view, there are different ap-
proaches to the problem. The first one is “top-down”,
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and consists of choosing a specific theory of gravity, find-
ing black hole solutions, deriving the gravitational per-
turbation equations, and computing the QNM spectrum.
While this allows one to make precise predictions based
on a specific theory, it requires several non-trivial steps,
and generally only provides insight on the very theory
under investigation. A second “bottom-up” approach is
supposed to be as theory agnostic as possible, and as-
sumes a parametrized working ansatz for the black hole
background metric as a starting point. One can then
compute observables that depend on the background
metric alone, e.g. motion of small bodies with weak in-
ternal gravity, which are relevant for instance for extreme
mass-ratio inspirals [22] and which follow geodesics of the
background metric in gravitational theories that satisfy
the weak equilavence principle [23, 24].
Note however that the computation of the gravita-
tional QNM spectrum cannot be performed easily in this
second approach, because of the lack of field equations.
A possibility would be to parametrize the field equations
as well. For instance, Refs. [25, 26] consider scalar ten-
sor theories, which are the simplest extension of GR.
These theories include an extra scalar graviton polariza-
tion, which Refs. [25, 26] couple (via free parameters)
to the tensor gravitons of GR. Refs. [25, 26] then study
the QNMs of this coupled scalar and tensor system over
generic spherical and axisymmetric backgrounds, in the
eikonal limit (see also Refs. [27, 28] for similar attempts).
While this formalism is very general, in this work we will
follow a simpler approach. In more detail, we will look
at the axial sector of the gravitational QNMs of a spheri-
cally symmetric and static parametrized black hole met-
ric. The reason for focusing on the axial sector is that at
linear order, the scalar perturbations cannot mix with the
axial gravitational perturbations, because of parity. As a
result, the equation for the axial gravitational QNMs in
generic scalar tensor theories is expected to be the same
as the Regge-Wheeler equation of GR [29] (at least in the
eikonal limit) although on a background differing from
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2Schwarzschild. Note that it may be possible to extend
this approach to the polar sector too, by resorting to an
effective field theory treatment such as that of Ref. [30].
The main goal of this paper is then to address the
question of how many QNM observations (and with what
precision) one would need to reconstruct a parametrized
black hole metric. This problem was qualitatively tack-
led in Ref. [31] by using a scalar QNM toy model with
the metric proposed by Rezzolla and Zhidenko (RZ) [32]
in the spherical and static limit (and later generalized to
the axisymmetric case by Ref. [33]). By studying how
much RZ QNMs differ from Schwarzschild QNMs when
multiple RZ parameters are non-zero, it was possible to
investigate a subset of the RZ parameter space in terms of
a direct problem. From the reported results one should
expect that the general inverse problem is non-trivial,
because certain RZ parameter combinations could lead
to very similar QNMs, even when they are known with
high accuracy. A different and more general way to ap-
proach the inverse QNM problem of different types of
non-rotating compact objects has been reported in [34–
36]. These works focus on reconstructing the perturba-
tion potential directly from the QNM spectrum by in-
verting generalized Bohr-Somemrfeld rules, but without
direct access to the underlying metric.
Here, we improve on the work presented in Ref. [31]
by computing axial gravitational QNMs with a higher
order WKB method [37], for the spherical and static
parametrized RZ metric. The RZ metric has proven to be
a useful and economic approximation to exact black hole
spacetimes in alternative theories of gravity [38], and has
been used in different type of applications, e.g., for black
hole shadows [39, 40] and for gravitational wave and X-
ray tests of the Kerr spacetime [41]. Focusing on the
fundamental l = 2 and l = 3 modes and their overtones,
which are expected to dominate the ringdown of black
holes resulting from a binary mergers, we construct a
Bayesian pipeline allowing for estimating the parameters
of the RZ metric, given a set of QNM observations from
existing or future gravitational wave detectors. We also
show that the constraints obtained on the background
geometry are complementary to those that can be placed
by observing the shadow of M87∗ with the Event Horizon
Telescope (EHT) [42].
This work is structured as follows. In Sec. II we out-
line all our methods and explain the general framework.
This setup is applied to different scenarios in Sec. III.
We discuss our findings in Sec. IV, before we present our
conclusions in Sec. V.
II. METHODS
In this section we introduce the building blocks that
define the framework of this work. We start with an
overview of the RZ metric in Sec. II A and discuss the
equations for its perturbations in Sec. II B. The computa-
tion of QNMs is described in Sec. II C. The different com-
binations of RZ parameters and the subsets of the QNM
spectrum that we consider in this work are introduced in
Sec. II D. A discussion of the range of validity of the RZ
parameter space is presented in Sec. II E. In Sec. II F we
discuss the precision of QNM measurements that can be
expected with various experimental setups, and use that
information in the Markov chain Monte Carlo (MCMC)
framework that is introduced in Sec. II G.
A. The RZ Metric
The RZ parametrized metric was introduced to model
spherically symmetric black holes beyond GR, in a theory
agnostic way. We summarize its most important proper-
ties in the following, but refer to the original publication
[32] for full details. The RZ metric is given by
ds2 = −N2(r)dt2 + B
2(r)
N2(r)
dr2 + r2dΩ2, (1)
with dΩ2 = dθ2 + sin2 θdφ2 and two functions N(r) and
B(r), which describe the details of the spacetime. For
further convenience, let us remap the location of the
event horizon r0 into the dimensionless coordinate
x ≡ 1− r0
r
, (2)
which ranges from x = 0 at the event horizon to x = 1
at spatial infinity. Another function A is introduced via
N2 = xA(x), (3)
with A(x) > 0 for 0 ≤ x ≤ 1. The two functions A(x)
and B(x) are given by
A(x) = 1− ε(1− x) + (a0 − ε)(1− x)2 + A˜(x)(1− x)3,
(4)
B(x) = 1 + b0(1− x) + B˜(x)(1− x)2, (5)
where A˜(x) and B˜(x) describe deviations from the
Schwarzschild limit. They are introduced as continued
fraction expansion
A˜(x) =
a1
1 + a2x
1+
a3x
1+...
, (6)
B˜(x) =
b1
1 + b2x
1+
b3x
1+...
. (7)
In the original work [32], it was further shown how
knowledge from solar system tests of the parametrized
post-Newtonian (PPN) metric [23] constrains the param-
eters a0 and b0 to very small values. Indeed, solar system
tests imply
ε = −
(
1− 2M
r0
)
, (8)
a0 =
(β − γ)(1 + ε)2
2
, (9)
b0 =
(γ − 1)(1 + ε)
2
, (10)
3where the PPN parameters β and γ are constrained to
be of order ∼ 10−4 [23]. Therefore, in particular, one has
|a0|, |b0| ∼ 10−4.
Nevertheless, we stress that there is no reason to expect
PPN bounds to hold for black hole spacetimes in theories
of gravity that modify or extend GR, since Birkhoff’s the-
orem generally does not hold in these theories. Examples
of theories that reproduce the 1PN metric of GR around
stars, but which deviate from GR at 1PN order in black
hole spacetimes include scalar tensor theories. The latter
can present screening mechanisms (e.g. chameleon [43],
K-mouflage [44], symmetron [45], etc.) protecting local
physics from unwanted scalar effects around stars (there-
fore passing solar system tests), while still allowing for
the existence of scalar charges and 1PN scalar effects in
vacuum (see e.g. [46–49] for such scalarized black holes).
For this reason, in most of this paper we will not im-
pose PPN bounds on the RZ metric. However, to allow
for comparison with earlier works [31, 38, 41], we also
present some results for the case in which a0 = b0 = 0,
corresponding to a RZ metric matching the Schwarzschild
one at 1PN order.
B. Perturbation Equations
In general, the equations governing the evolution of
linear gravitational perturbations over a black hole back-
ground depend on the gravitational theory under consid-
eration. In GR, the gravitational field only has two (ten-
sor) polarizations, whose properties and spectrum are en-
coded in the Regge-Wheeler [29] and Zerilli [50] equations
(respectively for odd and even metric perturbations on
Schwarzschild) and in the Teukolsky equation [51] (for
Kerr perturbations). In theories extending GR (see e.g.
Ref [13] for a review), not only can the background black
hole spacetime differ from Schwarzschild/Kerr (as mod-
eled in Sec. II A), but even if the background is the same
as in GR (as may happen in specific theories [52]), new
polarizations will generally be present and will alter the
form of the pertubation equations [14].
Some insight on the form of the perturbation equations
when one moves beyond GR can nevertheless be gained
by noting that additional modes (beyond the spin-2 ten-
sor gravitons of GR) will typically be coupled weakly
to gravitational wave interferometers if the gravitational
theories under scrutiny obeys experimental bounds on
the equivalence principle (c.f. e.g. [53–55]). One may
therefore safely focus on the tensor polarizations, whose
coupling to detectors is strongest.
In principle, non-tensor polarizations may couple with
the tensor degrees of freedom, e.g. appearing as sources
for the equations governing the latter, but this is not
a fundamental obstacle to computing QNMs (see e.g.
Refs. [26, 56]). Note also that odd parity perturba-
tions will generally be unaffected by these couplings,
at least in scalar-tensor theories respecting parity (e.g.
Fierz-Jordan-Brans-Dicke-like theories; dilatonic Gauss-
Bonnet; Horndeski and beyond Horndeski theories; de-
generate higher order scalar tensor theories, khronomet-
ric theory/Horˇava gravity, etc). This is because scalar
perturbations have even parity, and therefore cannot mix
with the odd parity sector of the tensor perturbations at
linear order.1
To first approximation, we can therefore model the
equation for linear gravitational perturbations in the odd
sector by the Regge-Wheeler equation of GR, but over a
generic RZ background metric. This generalized Regge-
Wheeler equation can be obtained by first writing the
spacetime metric as gµν = g
RZ
µν + δhµν +O(δ)2, with δ a
perturbative book-keeping parameter and hµν the metric
perturbation. Discarding the O(δ)0 terms of the Einstein
equations, the linear O(δ) terms δRµν = 0 yield [60]
− 1
2
hµν − 1
2
∇ν∇µh+∇α∇(µhαν) = 0 , (11)
with h = hµµ,  = gµνRZ∇µ∇ν and ∇ the covariant deriva-
tive defined with the background connection. Assuming
then that the metric perturbation has odd parity and
adopting the Regge-Wheeler gauge, i.e.
hµν =
∑
lm
hµν,lmY
`me−iωt , (12)
hµν,lm =

0 0 −h0(r) 1sin θ ∂∂φ h0(r) sin θ ∂∂θ
0 0 −h1(r) 1sin θ ∂∂φ h1(r) sin θ ∂∂θ
−h0(r) 1sin θ ∂∂φ −h1(r) 1sin θ ∂∂φ 0 0
h0(r) sin θ
∂
∂θ h1(r) sin θ
∂
∂θ 0 0
 , (13)
1 Odd tensor modes can in principle mix with pseudoscalar de-
grees of freedom (coupled to the Pontryagin density [57, 58]) or
vector modes (e.g. Einstein-Æther theory [59]). Note however
that while Einstein-Æther theory is classically and quantum me-
chanically stable, theories with pseudoscalars generically present
ghosts, unless they are treated as effective field theories [58].
4with Y `m the spherical harmonics, the same algebraic
manipulations that in GR lead to the Regge-Wheeler
equation yield
d2
dr∗2
Z +
[
ω2 − Vl(r)
]
Z = 0 , (14)
where Z = N2h1/(rB), ω is the (complex) gravitational
wave frequency, the tortoise coordinate is related to the
areal radius by
dr∗
dr
=
B(r)
N2(r)
, (15)
and the potential reads
Vl(r) =
l(l + 1)
r2
N2(r)− 3
r
d
dr∗
N2(r)
B(r)
. (16)
As can be explicitly verified, the potential reduces to the
Regge-Wheeler potential of GR in the limit in which the
RZ metric reduces to Schwarzschild.
Note that in the geometric-optics limit l→∞, Eq. (11)
for gravitational perturbations must reduce to the (null)
geodesics equation, if gravitational waves are to move
at the speed of light (as verified experimentally to within
relative errors of ∼ 10−15 [61] and as expected if the weak
equivalence principle is to hold). Indeed, this can be seen
by noting that Eq. (11) becomes hµν + 2Rµανβhαβ = 0
in the Lorenz gauge h = ∇νhνµ = 0 (which can be
chosen on any curved vaccum background without loss
of generality [60]). One can then insert the ansatz
hµν ≈ Aµν exp(iS) into this equation, keeping only the
dominant terms in the limit of large frequencies and
wavenumbers (∂µS → ∞). This yields the Hamilton-
Jacobi equation for massless particles, gµνRZ∂µS∂νS = 0,
which can be converted explicitly into the null geodesics
equation by taking its derivative (see e.g. Sec. 7.8 of
Ref. [62] for details).
The fact that gravitational perturbations follow null
wavefronts in the geometric optics limit l → ∞ has im-
portant implications for the potential (16), which should
necessarily reduce to that of null geodesics in that limit.
Indeed, one one can easily verify that Vl(r) ≈ l(l+1)r2 N2(r)
for l→∞, while null geodesics of the RZ metric satisfy
N4
E2
(
dr∗
dλ
)2
+ Vr = 0 , (17)
Vr = −1 + b
2N2
r2
, (18)
where λ is an affine parameter, b = L/E (with E and L
respectively the conserved energy and angular momen-
tum of the orbit) is the impact parameter, and where we
have assumed a reference frame where the orbit is equa-
torial. (This latter assumption is non-restrictive since
we are in spherical symmetry.) As can be seen, the effec-
tive potential for the radial motion of null geodesics, Vr,
matches Vl ≈ l(l + 1)N2(r)/r2 in the limit l ∼ b → ∞.
In particular, this implies that in the geometric optics
limit l ∼ b → ∞, the peak of the effective potential
for gravitational perturbations asymptotes to that of the
(unstable) circular photon orbit. This correspondence in
turn implies that at lowest order in the WKB expansion
(i.e. in the geometric optics limit), the real parts of the
QNM frequencies are multiples of the orbital frequency
of the circular photon orbit, while their imaginary parts
are related to the Lyapunov exponents of null geodesics
near the circular photon orbit (and thus to the curvature
of the effective potential Vr near its peak) [63, 64]. This
can be intuitively interpreted by thinking of QNMs as
generated at the circular photon orbit, and slowly leak-
ing outwards (since the circular photon orbit is unstable
to radial perturbations).
Two consequences can be drawn from this correspon-
dence between geodesics and gravitational perturbations.
To begin with, we can conclude that the first term in the
effective potential (16) is more robust than the second.
Indeed, the first term will be present in any gravitational
theory in which gravitational waves satisfy the equiva-
lence principle and travel at the speed of light, as required
to high precision by experiments. The second term in Eq.
(16) is instead less robust, and may depend on the de-
tails of the gravitional theory under scrutiny. To check
the robustness of our results, we therefore consider also
an alternative phenomenological potential
Vl(r) =
l(l + 1)
r2
N2(r)− K
r
d
dr∗
N2(r)
B(r)
, (19)
with K being a free parameter. Note that K = 3 cor-
responds to Eq. (16), while K = −1 would correspond
to a scalar field satisfying the wave equation φ = 0 on
the RZ metric. Below, we will present results for K = 3
and for K marginalized upon (with a mild uniform prior
K = 3± 5).
Furthermore, again in the light of the null
geodesics/gravitational waves correspondence, let us note
that it makes sense to combine the bounds on the RZ
metric from QNM measurements with those coming from
observations of the shadow of M87∗ by the EHT [42]. As
shown in Ref. [65], a robust way of incorporating bounds
from the EHT amounts to requiring that the the shadow
size is consistent (to within ∼17%) with the EHT mea-
surement of M87∗. This follows from noting that the
EHT has measured a size for M87∗ that is consistent
(to within 17% at 68-percentile significance level) with
the prediction based on the Kerr/Schwarzschild metric
hypothesis and the mass-to-distance ratio of M87∗ de-
rived from stellar dynamics [66]. For the RZ metric, the
shadow size can be computed by requiring Vr(rph, bph) =
∂rVr(rph, bph) = 0, and solving for the radius rph of the
circular photon orbit and the shadow observed size bph.
EHT bounds on the parameters (ε, a0) and (ε, a1) of the
RZ metric are shown in Fig. 1, respectively in the top and
bottom panels. In the bottom panel, we have assumed
that the RZ metric matches the Schwarzschild one at 1
PN order (i.e. a0 = b0 = 0). Note also that since the
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FIG. 1. Bounds on the parameters (ε, a0) (top) and (ε, a1)
(bottom) of the RZ metric from the EHT measurement of the
shadow of M87∗, and from stellar dynamics measurements of
its mass. The bottom panel assumes that the 1PN metric
matches the Schwarzschild one (a0 = b0 = 0). The allowed re-
gions are shaded, while the red crosses mark the Schwarzschild
limit ε = a0 = a1 = 0. The red shaded areas represent re-
gions ruled out by the requirement that the RZ metric must
represent a black hole [67].
stellar dynamics measurement of the mass is sensitive to
the Newtonian limit of the RZ metric (which coincides
with the Newtonian limit of the Kerr/Schwarzschild met-
ric) we can assume, without loss of generality, that the
parameter M is known and fixed. Moreover, EHT obser-
vations place no bounds on the bi (i = 0, 1, 2, . . .) param-
eters, because the size of the shadow only depends on gtt
(since the properties of circular orbits are independent of
grr).
C. Quasi-Normal Modes
Starting from our most general form of the effective
potential in Eq. (19), it is now our interest to compute
the corresponding spectrum of QNM frequencies ωn. To
do so we assume the standard black hole boundary con-
ditions that describe purely outgoing waves at spatial
infinity and purely ingoing waves at the horizon. The
QNMs can then be computed by choosing among the
many different techniques that have been reported in the
literature over several decades. Detailed information can
be found in Refs. [15, 68, 69], which are classical reviews
of the field.
While the list of methods is long, not all are equally
well suited for our application. The rather general form
of the RZ metric, which has in principle arbitrary many
parameters, as well as the computational cost of Bayesian
parameter estimation techniques, require an easily adapt-
able and fast method. One such suitable technique is
based on the Wentzel-Kramers-Brillouin (WKB) method,
which can be used to find approximate solutions to cer-
tain types of differential equations [70].
In the specific context of black hole QNMs [37, 71–76],
the method is well known for providing an approximate
solution for the QNM spectrum ωn. The method relies
only on the knowledge of the Taylor expansion of the ef-
fective potential around its maximum and is known to
different orders in WKB theory, e.g., the sixth order ap-
proximation has been derived in Ref. [37]
iQ0√
2Q′′0
− Λ2 − Λ3 − Λ4 − Λ5 − Λ6 = n+ 1
2
, (20)
where Q(r∗) ≡ ω2n− Vl(r∗) is evaluated at the maximum
and primes are derivatives with respect to the tortoise co-
ordinate. The full expressions of the terms Λi are rather
lengthy, but can be found in the original publication.
They include higher order derivatives of the potential
evaluated at the maximum, as well as the overtone num-
ber n under consideration. There is no explicit depen-
dency on l, because it appears explicitly in Vl(r) itself.
Note that the order of the included derivatives increases
by two for every WKB order i.
In this work we follow an approach that allows for a
general number of RZ parameters and therefore compute
the derivatives numerically with finite differences. Since
the derivatives are taken with respect to the tortoise coor-
dinate, one either has to compute the inverse transforma-
tion numerically or compute the derivatives in terms of r
or x, but then apply the chain rule iteratively. Because
both options can become problematic in terms of preci-
sion and computational time for higher order derivatives,
especially when the RZ metric has many free parameters,
we stop after Λ2. We have verified that the results are
very similar to those obtained when Λ3 is included as
well. Because the QNMs used for the parameter estima-
tion are computed with the same method as those for
the QNMs we consider as given data, we circumvent the
problem that WKB is an approximate method.
When compared with full numerical results, those of
the WKB method are expected to be valid for QNMs
with n < l, but are less precise and eventually fail for
n  l (see Ref. [37] for a tabulated comparison). The
subsets of QNMs that we consider in this work fall within
the valid range n < l of the method. Note that another
6advantage of the WKB method is that one can choose
among different orders allowing one to adjust precision
and computational cost, which is especially important for
a Bayesian analysis.
D. Sets of Models and QNMs
The most general form of the RZ metric has infinitely
many free parameters, which obviously cannot be han-
dled in a numerical approach. Therefore, we study dif-
ferent realizations of the RZ metric, in which only a fixed
number of free parameters is considered. The parameters
are not all equally important, as a result of the hierar-
chical structure of the continued fraction representation.
Besides the parameters of the RZ metric, we recall that
we have introduced a parameter K in the potential given
by Eq. 19.
In the following, we will consider constraints on several
models, which differ by the parameters that we allow to
vary. In more detail, we consider the following models:
model1 ≡ {M, ε}, (21)
model2 ≡ {M, ε, a0, b0}, (22)
model3 ≡ {M, ε, a1, b1}, (23)
modelK1 ≡ {M, ε,K}, (24)
modelK2 ≡ {M, ε, a0, b0,K}. (25)
While the QNM spectrum for each model will in gen-
eral contain infinitely many modes, any real gravitational
wave experiment can only observe a finite subset of them,
see Refs. [2, 19–21, 77–80] for recent works on this aspect.
The amplitudes with which QNMs are excited depend on
initial conditions of the black hole perturbations, or on
the parameters of the progenitor binary for QNMs pro-
duced after a black hole merger. The modes that we use
in this work correspond to the typical QNMs that are
excited in the ringdown of binary black hole mergers of
comparable mass, see Refs. [2, 19–21, 77–80]. We con-
sider in particular the fundamental mode n = 0 and the
first overtone n = 1, for l = 2 and l = 3. Since whether
all four of these modes or only a subset of them can be
observed depends on the source signal-to-noise ratio and
on the gravitational wave detector, we consider two cases
(“spectra”), one in which all four modes are observed,
and one in which only the l = 2 modes are detected. In
more detail, we define
spectrum1 ≡ {l = [2], n = [0, 1]}, (26)
spectrum2 ≡ {l = [2, 3], n = [0, 1]}. (27)
The errors with which we assume that these modes can
be measured will be discussed in Sec. II F.
E. Remarks on the RZ Parameter Space
While the accuracy of the RZ metric parametrization
to describe exact black hole solutions has been studied
in several works (e.g. Refs. [32, 38, 81, 82]), using a
multi parameter approach for the inverse QNM problem
has not been done yet. Some single parameter tests us-
ing non-QNM data can be found in Ref. [65] using the
EHT shadow, or in Ref. [41] related to using X-ray data
and early inspiral gravitational wave information. In the
following we elaborate on two different aspects that one
should be aware of when using parametrized metrics for
an inverse problem.
The first and more fundamental one is what RZ param-
eter combinations actually describe black holes. This is
non-trivial to assess if multiple parameters are allowed to
vary simultaneously, which could in principle lead to un-
physical artifacts. As a simple example consider the spe-
cial case M = 1 and only ε as a free parameter. The re-
quirement that the RZ metric must represent a black hole
bounds −1 < ε ≤ 1/2 [67]. Similarly, when {ε, a0, b0} or
{ε, a1, b1} are allowed to vary, with the other parameters
set to zero, this constraint becomes −1 < ε ≤ (1 + a0)/2
or −1 < ε ≤ (1 + a1)/2] [67]. The parameter space re-
gions excluded by these bounds are shown in Fig. 1 as
red shaded areas.
The second aspect is related to our choice of using
the higher order WKB method. It is a priori not clear
what combinations of RZ parameters only lead to small
deformations of the Regge-Wheeler potential, and what
combinations describe instead large and qualitative dif-
ferences, e.g. regions where the potential is negative.
The latter case would question the validity of the higher
order WKB method, and might lead to bound states. To
be sure that the method is justified, one has to quantify
the allowed regions of the parameter space, which can in
principle be used as priors for the Bayesian parameter
estimation that we will undertake below.
We attempted to tackle this issue by sampling the pa-
rameter space by brute force, checking at each point if
the potentials becomes negative somewhere. However,
the number of total computations Ntotal needed for a
single choice of l scales as
Ntotal ∝ Nres-pot × (Nres-param)D , (28)
where Nres-pot and Nres-param are the number of sampling
points for the potential and for each of the D parameters.
Therefore, it is evident that the problem becomes easily
unmanageable from a computational point of view. In
practice, however, one already knows that the parameters
describing the Schwarzschild limit are allowed, and can
start by sampling the parameter space around this limit,
then progressively moving away from it.
Since the mass of the final black hole remnant is ex-
pected to be within 5–10% of the mass of the progenitor
binary2, in the following we consider M to be within
[0.9, 1.1] and vary different RZ parameters. From our
2 Note that in GR, if the masses of the progenitor black holes
are known, the remnant’s mass is also known [83]. However,
7FIG. 2. Potentials for M in the range [0.9, 1.1] and for the
RZ parameters {ε, a0, b0} in the range [−0.3, 0.3].
numerical analysis it seems that the l = 2 potentials are
more prone to becoming negative.
For the simplest model1, we verified that ε within
[−0.5, 0.5] does not lead to negative potentials. For
model2 we find that ranges of [−0.15, 0.15] for {ε, a0, b0}
are fine, but extending them further starts becoming
problematic (i.e. some combinations become invalid). In
Fig. 2 we show a sample of the potentials where the RZ
parameters {ε, a0, b0} are within [−0.3, 0.3], and include
a few of such invalid combinations. Note that most of
the potentials are positive everywhere, but some become
negative close to the horizon.
This observation might seem troublesome for parame-
ter estimation, unless priors are chosen such that negative
potentials are excluded from the start. However, in prac-
tice, negative potentials are not only rare, but also tend
to produce large deviations from GR in the QNMs com-
puted with our WKB approximation. As a result, even if
parameters producing negative potentials are drawn dur-
ing sampling, they will almost always be rejected. For the
cases presented in this work, we explicitly show that the
sampled parameter combinations do not include negative
potentials or other possible large deviations in Sec. III.
Also note that even if certain set of parameters may
in principle produce large deviations of the potential
near the horizon, the early time-evolution of perturba-
tions would still contain modes similar to the QNMs
computed with a WKB approximation at the potential’s
peak, while the true QNM spectrum might be different,
but appears at later times. This has been first studied
for ultra compact stars in Ref. [84] and further pursued
in Refs. [85, 86]. Nowadays this phenomenon related to
the leakage of trapped w-modes is known as “echoes” and
applies to exotic compact objects [87, 88], some types of
wormholes [35, 89] and various types of modifications on
here we obviously cannot rely on GR, since our goal is to test
it. Nevertheless, since 5–10% is the typical mass loss due to
gravitational wave emission in GR [83], it seems reasonable to
assume that the final mass will be known to within at least that
error, also beyond GR.
the horizon scale and phenomenological models of quan-
tum black holes [90–97].
F. Treatment of Noise
While one can obtain the full QNM spectrum exactly
(up to modeling errors due to the WKB approximation
and to numerical errors), real observations will always
present a certain degree of uncertainty. The details of the
latter will depend on the specific source parameters, as
well as on the properties of the detector and on the data
analysis technique used to extract the signal and estimate
its parameters [16]. Since this is a major problem in itself,
we have adopted here a simplified approach.
First, we treated observational errors in the recon-
structed spectrum by adding a Gaussian noise to our the-
oretically computed QNM frequencies and decay times.
This produces an intrinsic variation in the reconstructed
parameters, because every realization of the noise is
unique. This is especially problematic because of the
relatively small number of modes that we use as data.
To account for this bias due to the realization of the er-
rors, one would have to repeat each MCMC analysis for
many different realizations of them. While this analysis
is beyond the scope of this work, we have explored several
realizations to make sure that our parameter reconstruc-
tion works correctly. However, for the rest of this work
we will adopt the noiseless limit, i.e. we inject the exact
QNMs as input data for the parameter estimation.
As for the variance of our Gaussian noise, we consider
two possibilities. To mimic the error on the measured
QNMs that would be achieved with Advanced LIGO
and Virgo at design sensitivity and events similar to
GW150914, we assume that QNMs are known within 1σ
relative uncertainties of about 10 %: See e.g. Fig. 5 of
Ref. [2], and Figs. 2 and 4 of Ref. [21] for uncertainties
on the measured QNMs with O1 data; Refs. [19, 20, 78–
80] for reports on the simultaneous extraction of several
QNMs from numerical relativity simulations; and Ref.
[98, 99] for the possibility of stacking several modes to-
gether to enhance tests of the no-hair theorem. Further-
more, we consider 1σ relative uncertainties of ±1 % to
mimic next generation detectors like the Einstein Tele-
scope [100] or LISA [101], or especially loud events [16].
G. Markov chain Monte Carlo
Our Bayesian parameter estimation pipeline relies on
Markov chain Monte Carlo (MCMC) techniques. This
class of methods allows for sampling the posterior dis-
tribution of the parameters of a model that is used to
describe a given set of data. Since a detailed introduc-
tion to Bayesian analysis and MCMC methods is beyond
the scope of this work, we only summarize here the key
aspects of our framework and refer the interested reader
to Ref. [102] for a comprehensive introduction.
8To perform the MCMC analysis we utilize the
Metropolis Hastings sampler of the Python based prob-
abilistic programming framework PyMC3 [103], which
we couple (via a custom theano function) to an external
C++ code computing the potentials. Depending on the
choice of the model, the total number of steps and the
provided QNMs, one analysis will typically take between
several minutes to a few hours.
Our likelihood follows from our simplistic assumption
that the measured QNMs are affected by Gaussian errors.
In more detail, we write the likelihood as a product of
Gaussians for the real and imaginary parts of the QNMs
that we assume are measured, centered on the true values
of the modes and with standard deviation corresponding,
as discussed above, to 10 % or 1 % of the true values.
Bayesian analysis also requires one to specify priors for
the parameters, which reflect our knowledge on them be-
fore looking at the data. We assume a Gaussian prior
on the black hole mass M . As mentioned earlier, in GR
the final mass is lower than the initial total binary mass
by 5-10% [83] due to the emission of gravitational waves.
The final value of the mass can be computed from the
initial mass of the binary via simple formulae in GR [83],
but similar formulae do not yet exist in modified grav-
itational theories. Nevertheless, one would expect GW
energy losses beyond GR to be of the same order of mag-
nitude as in GR, which would make the final mass known
(because coinciding with the binary’s initial mass) up to a
5-10% uncertainty. Moreover, this prior can be improved
simply by calculating the energy flux in the gravitational
wave signal (a calculation that can be performed from
the data alone, irrespective of the theory). To account
for this additional information, we choose a standard de-
viation of 2.5% around the real value (M = 1) for our
Gaussian prior on the mass. We will see in the following
that this prior is rather uninformative, at least for models
with few parameters and for precise QNM measurements,
i.e. the posteriors are dominated by the likelihood and
not by the prior.
From our discussion of the RZ parameter space in
Sec. II E, we know that the other prior ranges also have
to be chosen with caution. For all RZ parameters, a0,
b0, a1, b1 and ε, we adopt flat priors centered on the
Schwarzschild values a0 = b0 = a1 = b1 = ε = 0 and
with width of ±1. For K, we adopt a flat prior centered
on the GR value K = 3, and width of ±5. While these
priors may contain parameters combinations for which
the WKB approximation breaks down, we have verified
a posteriori that the sampling chains tend to avoid those
combinations. The robustness of our results with respect
to the choice of priors is discussed in detail in Sec. IV A 3.
III. APPLICATIONS
In this section, we apply our methods to the different
models outlined above, and show representative exam-
ples of our results in Figs. 3, 4, 5, 6, 7 and 8. Each figure
summarizes the MCMC parameter estimation, the recon-
structed potentials and the reconstructed metric func-
tions for a specific model with given QNM spectrum and
QNM measurement errors, as described in the caption 3.
Although we have studied all combinations of the two dif-
ferent QNM subsets with the two different assumptions
for the measurement errors for each of the five differ-
ent models (i.e. a total of 20 combinations), we do not
show all of them here for reasons of space, and because
the results for most models scale roughly linearly with
the assumed errors of the QNM measurements (once the
spectrum and the model are fixed). The structure of the
figures is the same for most models and described in the
following.
Each of the MCMC parameter estimation results is
shown on the left panel. There, the diagonal sub-panels
show the posterior distributions for the free parameters
of the model under investigation. The sub-panels above
the diagonal are scatter plots in which each point stands
for one step of the chain. Because our chains contain
around one million steps, we also show the corresponding
contour plots in the sub-panels below the diagonal.
In all panels related to the potentials and metric func-
tions we provide the exact injected functions in solid and
dashed black lines, while colored lines show the recon-
struction. In order to visualize and quantify the uncer-
tainties coming from the parameter estimation, we draw
1000 random samples from the MCMC chains and evalu-
ate the potentials and metric functions for those param-
eters. These are then added as semi-transparent colored
lines, which make regions of high confidence appear more
saturated. Note that the potentials are always shown for
l = 2 and l = 3, even when the QNM measured spec-
trum does not contain l = 3. In this case, we compute
the l = 3 potential from the reconstructed parameters
from the l = 2 spectrum, in order to see how it compares
with the reconstructed spectrum when l = 3 QNMs are
included.
IV. DISCUSSION
In this section we discuss our findings, starting with
the MCMC parameter estimation and related details in
Sec. IV A, while the reconstructed potentials and metric
functions are addressed in Sec. IV B. More details on the
results that we obtain when solar system PPN bounds are
imposed as priors are presented in Sec. IV C. We briefly
comment on other recent works that use QNMs for the
inverse problem in Sec. IV D. Finally we discuss possible
extensions of this work in Sec. IV E.
3 Note that we split the left and right panel figure layout for
modelK2 into two separate figures for better readability
9FIG. 3. Results for model1 obtained by using spectrum1 with ±1 % relative errors. Left: MCMC parameter estimation.
Right top: Exact (black lines) and reconstructed (colored lines) potentials V2(r) and V3(r). Right bottom: Exact (black lines)
and reconstructed (colored lines) metric functions gtt(r) and grr(r).
A. Parameter Estimation
From the MCMC results presented in the left panels
of Figs. 3, 4, 5 and 6, as well as in Fig. 7, one can see
that for all models one can put constraints on all of the
parameters, though there are great differences between
them.
In general, the posteriors obtained for the low-
dimensional models, which include ε as the only free
parameter, are usually more constrained than those of
the higher-dimensional models. For example, using
spectrum1 for model1 and modelK1 (with results shown
in Fig. 3 and Fig. 6), one finds that M and ε can in both
cases be well constrained, but the additional parameter
K clearly impacts the analysis. While the posteriors of
K peak in all models very close to the GR value, the
presence of K increases the 68 % confidence interval of
M and ε by roughly a factor 5.
In models with RZ parameters beyond ε, one still finds
that the posteriors of all parameters have their maximum
very close to the GR values, but their shapes can be very
complex. The RZ posteriors of model2 (Fig. 4) are very
steep around the GR values, and show little support fur-
ther away. In contrast, those of model3, shown in Fig. 5,
are clearly less constraining for a1 and b1. A look at
the contour plots reveals the strong correlations between
certain RZ parameter combinations that produce QNMs
very similar to those of Schwarzschild.
The most complex posteriors are those of modelK2 in
Fig. 7. As can be seen, the posteriors include the GR
values, but also admit very small secondary maxima and
even stronger correlations between the parameters.
1. QNMs and Accuracy
Since most of the models studied here have more than
two free parameters, it is reasonable to quantify the ben-
efit of measuring multiple QNMs. Including the l = 3
fundamental mode and its first overtone (n = 0, 1) in
addition to the l = 2 fundamental mode and its first
overtone improves the parameter estimation, though the
individual improvements vary with the model and the as-
sumed QNM measurement errors. Since this can be seen
clearly for the reconstructed potentials, we discuss this
aspect for some models in Sec. IV B 1 in more detail.
Decreasing QNM measurement errors by an order of
magnitude provides the strongest improvements. QNMs
measured with 1 % errors allow for constraining the pos-
teriors within the prior bounds for all models. For
model2K , which has five free parameters, the l = 3 QNMs
have to be used as well to achieve this. For some of the
other higher dimensional models, we also find non-trivial
secondary maxima for the posteriors when the less pre-
cise QNMs are used.
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FIG. 4. Results for model2 obtained by using spectrum2 with ±1 % relative errors. Left: MCMC parameter estimation.
Right top: Exact (black lines) and reconstructed (colored lines) potentials V2(r) and V3(r). Right bottom: Exact (black lines)
and reconstructed (colored lines) metric functions gtt(r) and grr(r).
2. Scaling with Relative Errors
When the posteriors are well constrained within the
limits of the priors and are not multi-modal, we also look
at whether our results scale with the relative errors with
which we assume that the QNMs are measured. To this
purpose, we relate the width of the 68 % credible interval
of the reconstructed parameters Pi, which we denote by
2 × σPi , with the constant relative errors that we have
assumed for a given set of QNMs, which we denote by
δQNM. Although there are some minor variations between
different models, we generally find
σPi
δQNM
≈ constanti. (29)
We have also verified this scaling for relative QNM errors
of 0.1 %. The scaling is valid for model1 and modelK1,
while the higher dimensional models are more prone to
presenting secondary peaks when the QNM precision is
of ±10 %, in which case the notion of a credible interval
becomes less clear/relevant. For the same reasons, we
note that the scaling is instead not expected to hold in
the other extreme, i.e. for large (i.e. 100 %) relative
errors.
3. Priors
As expected, we find that the posteriors are more con-
strained in the lower dimensional models than in the
higher dimensional ones, if one assumes the same spec-
trum as data. Since M is the leading order parameter of
the RZ metric, it is generally the best constrained one,
and the width of its posterior distribution is typically
smaller than the already tight prior that we assume on
it. This is particularly evident for simple models, e.g. for
model1 in Fig. 3, where M has an 68 % credible interval
of [0.995, 1.005].
Regarding the RZ parameters and K, for which we re-
call that we assume large flat priors (respectively [−1, 1]
and [−2, 8]), the posteriors are generally constrained to
be well within the priors, i.e. our results are robust.
For all of the cases shown here, the RZ posteriors peak
around their Schwarzschild values, and also the posteri-
ors of K peak at the expected GR value K = 3. What
RZ parameters can be best constrained depends however,
to some extent, on the assumed set of measured QNMs
and their errors. For instance, for some of the higher di-
mensional models the posterior bounds are less stringent
if the errors of the measured QNMs are 10 %, especially
if the l = 3 QNMs are not measured. In that case, at
least for some parameters, the posterior widths may even
be comparable with the priors. In other cases, e.g. for
modelK2 shown in Fig. 7, the posteriors have secondary
maxima and present strong non-trivial correlations be-
tween the RZ parameters (even though it is unclear if the
secondary maxima correspond to RZ metrics describing
non-pathological black holes).
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FIG. 5. Results for model3 obtained by using spectrum2 with ±1 % relative errors. Left: MCMC parameter estimation.
Right top: Exact (black lines) and reconstructed (colored lines) potentials V2(r) and V3(r). Right bottom: Exact (black lines)
and reconstructed (colored lines) metric functions gtt(r) and grr(r).
B. Reconstruction of Potentials and Metric
In the following, we first discuss the reconstruction of
the potentials in Sec. IV B 1, before addressing the re-
construction of the metric functions in Sec. IV B 2. The
results of an additional model in which we enforce the
PPN constraints is discussed separately in Sec. IV C.
1. Effective Potentials
The reconstructed effective potentials V2(r) and V3(r)
are shown in the right top panels of Figs. 3, 4, 5 and 6,
as well as in Fig. 8. The quality of the reconstruction
is clearly related to how well the RZ parameters can be
determined. Since this depends in turn on the underlying
model being used, it is not surprising that the potential
obtained from model1, shown in Fig. 3, is more precisely
reconstructed than the one for modelK2, shown in Fig. 6.
Since the QNM measurement errors play a major part in
how well the parameters can be recovered, we note that
the higher dimensional models can have reconstructed
potentials as good as lower dimensional models, if the
latter use less precise QNMs.
As expected from the asymptotic behavior of the RZ
metric, the uncertainty in the potentials is minimal for
large r, because in that region the behavior is dominated
by M only. Since the QNMs are related to the poten-
tial at its peak, it is not surprising that the potential
becomes drastically less determined away from the max-
imum, when one approaches the horizon. This is espe-
cially the case for higher dimensional models.
Because adding the l = 3 QNMs improves the recon-
struction of the parameters, one might naively expect a
difference between the l = 2 and l = 3 potentials accord-
ing to whether the l = 3 QNMs have been used or not.
However, because both potentials depend on the same
number of parameters and are constructed almost identi-
cally, the impact of including the l = 3 QNMs depends on
the specific model. When comparing the reconstructed
potentials of model1 in Fig. 3 with those of modelK1 in
Fig. 6, one sees that the l = 2 QNMs recover the l = 2
and l = 3 potentials with comparable precision for the
first model, but the K dependency in modelK2 makes the
l = 3 potential less constrained. However, when adding
the l = 3 QNMs, we find that the reconstruction becomes
comparable also for modelK2.
We also note that because the reconstructed potentials
present a single maxixum, using the WKB method is
indeed justified.
2. Metric Functions
The reconstructed metric functions gtt(r) and grr(r)
are shown in the bottom right panels in Figs. 3, 4, 5 and
6, as well as in Fig. 8. The relatively small uncertainties
for large values of r are expected by construction, be-
cause the RZ metric approaches the Schwarzschild met-
ric asymptotically and M is well constrained. Because
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FIG. 6. Results for modelK1 obtained by using spectrum1 with ±1 % relative errors. Left: MCMC parameter estimation.
Right top: Exact (black lines) and reconstructed (colored lines) potentials V2(r) and V3(r). Right bottom: Exact (black lines)
and reconstructed (colored lines) metric functions gtt(r) and grr(r).
the information obtained from the QNMs originates from
the region around the maximum of the potential, the
metric is also well reconstructed there. As for the po-
tentials, the reconstruction of the metric functions also
shows some non-trivial differences throughout the differ-
ent models and QNM subsets. For models that have ε
as the only RZ parameter, the reconstruction is similar,
but there are significant differences when one includes b0
or b1. This can be seen most drastically when compar-
ing the results shown in Fig. 3 with the ones in Fig. 5.
This finding can be explained with a closer look at the
structure of gtt(r) and grr(r) provided in Sec. II A, which
reveals that gtt(r) only depends on ε and a0 or a1, while
b0 or b1 only appear in grr(r). The additional degree of
freedom of grr(r) causes its less precise reconstruction.
C. PPN Constraints
The RZ parameters used in model3 are inspired by
the PPN constraints |a0|, |b0| ∼ 10−4, which would allow
one to set those parameters essentially to zero. While
these bounds may not hold for all alternative theories
of gravity, as discussed in Sec. II A, we consider them
here for comparison with previous work assuming them
[31, 38, 41]. Since a0 = b0 = 0, model3 includes the
higher order parameters a1 and b1 with flat priors be-
tween [−1, 1]. The parameter estimation for this model,
shown in Fig. 5, is more challenging than for model2,
which is shown in Fig. 4. For this reason, we only report
results for the optimistic case of spectrum2 (i.e. with
small relative errors of ±1 % on the l = 2 and l = 3
modes). Indeed, for less precise (i.e. 10%) QNMs or with
l = 2 modes only, we could not constrain all parameters
completely within the priors. This may occur because a1
and b1 appear as higher order parameters, hence devia-
tions of the potentials and metric functions away from
the Schwarzschild baseline only grow significantly close
to the horizon. Overall, our results show that even the
higher order RZ parameters can be constrained by using
QNMs, but only under optimistic conditions (i.e., multi-
ple and precise QNM measurements).
D. Alternative Inverse QNM Approaches
Finally, we also comment briefly on the differences be-
tween the present work and other recent related efforts
on the inverse QNM spectrum problem of compact non-
rotating objects [31, 34–36, 104]. WKB theory comes
in many realizations, and has been applied in different
ways depending on the underlying type of QNM spec-
trum. In the case of ultra-compact horizonless objects,
for a review on which we refer to [105], one finds that
there exist long lived trapped modes [106, 107]. For
these systems, it is possible to use a generalized Bohr-
Sommerfeld rule to describe the spectrum [108, 109], and
furthermore to invert it in order to constrain the poten-
tial [34, 35]. While the potentials and QNMs are qual-
itatively different from Schwarzschild for those objects,
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FIG. 7. MCMC parameter estimation for modelK2 obtained by using spectrum2 with ±1 % relative errors.
the method itself does not require a metric or any type
of arbitrary parametrization of the potential. However,
as a trade-off, the typical number of QNMs required for
this method to work is large, and the reconstruction in
general not unique; indeed, both features are typical hall-
marks of inverse spectrum problems. The advantage of
this approach is nevertheless that the reconstructed po-
tentials could have details that are not described by a
finite set of metric parameters, which is an intrinsic lim-
itation when following a parametrization approach for
inverse problems. By following a related approach, it has
also been possible to constrain potentials from Hawking
radiation [110]. In Ref. [104], the higher order WKB
method has been combined with a Morris-Thorne ansatz
for the metric to approximate wormholes by using their
high frequency QNM spectrum as assumed data.
E. Possible Extensions
We consider the work presented here as a proof of prin-
ciple effort, which quantifies how well QNMs can be used
to constrain black hole metrics that deviate from GR.
A treatment of the full problem beyond our toy model
requires the knowledge of the field equations of theories
beyond GR, which are obviously unavailable in a theory
agnostic approach such as ours. Another limitation is our
focus on non-rotating black holes, since binary black hole
mergers will always produce a spinning remnant [111–
113]. While the RZ metric has also been generalized to
describe rotating black holes in Ref. [33], the lack of the-
ory agnostic field equations in the rotating case makes it
less clear how to proceed in this direction. One possibil-
ity would be to work in terms of a slow rotation approx-
imation, which for the axial sector has been studied in
Ref. [114]. Another possible extension of this work may
be a Bayesian comparison between different realizations
of the RZ metric (i.e. RZ metrics with different numbers
of parameters), to determine the optimal number of free
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FIG. 8. Results for modelK2 obtained by using spectrum2
with ±1 % relative errors. Top: Exact (black lines) and recon-
structed (colored lines) potentials V2(r) and V3(r). Bottom:
Exact (black lines) and recon- structed (colored lines) metric
functions gtt(r) and grr(r).
parameters needed to describe a given set of QNM data.
V. CONCLUSIONS
Connecting the rising field of experimental gravita-
tional wave physics with fundamental theoretical prob-
lems is among the most promising research avenues in
gravitational physics. In this work we have demon-
strated, as a proof of principle, how well the observa-
tion of black hole QNMs by gravitational interferometers
can be used to constrain the spacetimes of non-rotating
black holes. By studying several realizations of the RZ
metric, as well as an additional degree of freedom of the
effective perturbation potential, we have explicitly con-
nected QNMs with phenomenological parameters char-
acterizing deviations from GR. Since real experiments
cannot observe the full QNM spectrum with infinite pre-
cision, we have limited our study to the the l = 2 and
l = 3 modes, considering both the fundamental mode and
the first overtone (n = 0 and n = 1), and we have as-
sumed several possible measurement errors (between 1 %
and 10 %) for the QNM frequencies and decay times, to
mimic the effect of various gravitational wave detectors.
With this setup, knowledge of the l = 2 fundamental
and first overtone modes is already enough to constrain
models with two or three free parameters. The more
involved models including up to five free parameters re-
quire also the corresponding l = 3 modes for a reasonable
parameter estimation. As expected, the largest improve-
ment in the parameter estimation is achieved when the
QNMs are known with higher precision. In this situation,
in spite of the the limited number of QNMs, it is possible
to constrain even the higher dimensional parametrization
models. Besides the reconstruction of the metric param-
eters, we have also quantified and visualized the errors
on the corresponding potentials and metric functions.
While the general problem of rotating black holes is
conceptually and computationally far from trivial, we
have demonstrated here that Bayesian parameter estima-
tion and the higher order WKB method provide a suit-
able framework at least for the non-rotating limit. Over-
all our results suggest that studying the inverse QNM
problem is very promising even in the presence of finite
number of QNM measurements, and allows for using the
ringdown to put constraints on parametrized black holes
in gravitational theories beyond GR. Since other obser-
vational approaches, e.g. shadows obtained by the EHT
or X-ray spectroscopy, also put constraints on the same
parametrized black hole geometries, it would be interest-
ing to combine them with QNM bounds. We will address
this problem more thoroughly in future work.
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